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(
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fermion operators, and explicit forms of related vertex operators.
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§1. Introduction
Recent developments of a representation theoretical approach to the XXZ quantum spin
chain for ∆ < −1 (−1 < q < 0) enable one not only to diagonalize the Hamiltonian
but also to calculate arbitrary spin correlation functions exactly in the form of integral
representations1,2). Higher spin analogs of the XXZ model could be attacked as well and
excitation sprectra were obtained3). The method fully uses the representation theory of
quantum affine algebras: the XXZ model and its higher spin analogs has an exact symmetry
Uq
(
ŝl2
)
if the spin chain is infinite in both directions. A space of states is identified with a
tensor product of an irreducible highest weight module over Uq
(
ŝl2
)
of level k (if the spin is
k/2) and its dual. Vertex operators play a key role in this identification. The vacuum (the
ground state), which should be unique if a boundary condition is fixed, is identified with
the unique one-dimensional submodule in the space of states. In terms of the vacuum and
the vertex operators we can write down an exact expression of an arbitrary spin n-point
correlation function (cf. eq.(4.2)), where the correlation function means the expectation
value with respect to the vacuum.
In ref.2, correlations of the XXZ model were calculated through a concrete realization
of the level 1 irreducible highest weight modules over Uq
(
ŝl2
)
in terms of boson4) (the
procedure is called bosonization). A success in obtaining arbitrary correlations in ref.2
partly relies on the simplicity of the boson calculus. If one tries to apply the same method
to the higher spin problem, he would realize that a way to the goal is not so easy to
go ahead: first he must know a concrete realization of level k irreducible highest weight
representations which is known very complicated for k > 1, he must find the explicit
forms of vertex operators related to the representations, and finally using these vertex
operators he must perform calculations to get some simpler and more explicit expression
of correlation functions.
The present paper treats with the spin 1 analog of the XXZ model in the region
−1 < q < 0. We construct the level 2 irreducible highest weight representations explicitly
2
in terms of boson, and Neveu-Schwarz and Ramond fermions, and give explicit forms of
vertex operators (§3). After giving exact expressions of arbitrary correlations for spin k/2,
we specialize ourselves to calculations of spin one-point functions for spin 1 (§4). Since
we shall follow the previous works completely, we omit to expose details of the approach
(cf. ref.2; and refs.1,3). The method is only sketched quickly at the beginning of §4. We
prepare necessary notations in the next section and report novel results in the subsequent
sections.
§2. Notations
Notations for Uq
(
ŝl2
)
follow the refs.3,2. We set F = Q(q) for a field where a parameter
q is an indeterminate here (but later in §4 we shall regard it as a complex number in a
range −1 < q < 0). Set P ∗ = Zh0+Zh1+Zd, P = ZΛ0+ZΛ1+Zδ, ĥ = Fh0⊕Fh1⊕Fd
(the Cartan sub-algebra) and ĥ ∗ = FΛ0 ⊕ FΛ1 ⊕ Fδ = Fα0 ⊕ Fα1 ⊕ FΛ0 (The basis
{Λ0,Λ1, δ} of ĥ ∗ is dual to {h0, h1, d} of ĥ , and α1 = 2Λ1 − 2Λ0, α0 = δ − α1). Define a
symmetric bilinear form on ĥ and the one induced on ĥ ∗ by
(hi, hj) =
{
2 for i = j
−2 for i 6= j
, (hi, d) = δi,0, (d, d) = 0;
(Λi,Λj) =
1
2
δi,1δj,1, (Λi, δ) = 1, (δ, δ) = 0,
(αi, αj) =
{
2 for i = j
−2 for i 6= j
, (αi,Λ0) = δi,0, (Λ0,Λ0) = 0.
A quantum affine algebra Uq
(
ŝl2
)
is an associative algebra with unit 1 over a field F = Q(q)
generated by ei, fi (i = 0, 1), q
h (h ∈ P ∗) with relations
qhqh
′
= qh+h
′
, q0 = 1, qheiq
−h = q〈αi,h〉ei, q
hfiq
−h = q−〈αi,h〉fi,
[ei, fj] = δij
ti − t
−1
i
q − q−1
(ti = q
hi),
where h, h′ ∈ P ∗, i, j = 0, 1, and
e3i ej − [3]e
2
i ejei + [3]eieje
2
i − eje
3
i = 0 (i 6= j),
f3i fj − [3]f
2
i fjfi + [3]fifjf
2
i − fjf
3
i = 0 (i 6= j).
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We have used and will use notations such as
[x] =
qx − q−x
q − q−1
, [n]! = [n][n− 1] · · · [2][1],
[
n
k
]
=
[n]!
[k]![n− k]!
.
Let us define the coproduct and the antipode on the generators by
∆(ei) = ei ⊗ 1 + ti ⊗ ei, ∆(fi) = fi ⊗ t
−1
i + 1⊗ fi, ∆(q
h) = qh ⊗ qh (h ∈ P ∗);
a(ei) = −t
−1
i ei, a(fi) = −fiti, a(q
h) = q−h (h ∈ P ∗).
The Drinfeld’s realization of U ′q
(
ŝl2
)
, which is a subalgebra of Uq
(
ŝl2
)
generated by
{ei, fi, ti|i = 0, 1} only, is defined as follows: generators are x±m(m ∈ Z), am(m ∈ Z 6=0), γ,
and K, and relations are
γ ∈ center,[
am, an
]
= δm+n,0
[2m]
m
γm − γ−m
q − q−1
,
[
am, K
]
= 0,
Kx±nK
−1 = q±2x±n ,
[
am, x
±
n
]
= ±
[2m]
m
γ∓
|m|
2 x±m+n,
x±m+1x
±
n − q
±2x±n x
±
m+1 = q
±2x±mx
±
n+1 − x
±
n+1x
±
m,[
x+m, x
−
n
]
=
1
q − q−1
(
γ
1
2 (m−n)ψm+n − γ
− 12 (m−n)ϕm+n
)
, (2.1)
where
∞∑
m=0
ψmz
−m = K exp
(
(q − q−1)
∞∑
m=1
amz
−m
)
,
∞∑
m=0
ϕ−mz
m = K−1 exp
(
− (q − q−1)
∞∑
m=1
a−mz
m
)
,
and ψ−m = ϕm = 0 for m > 0. The bracket [X, Y ] means XY − Y X . We note thet
am (m ∈ Z 6=0) and the center generated by γ form a Heisenberg subalgebra with respect
to the bracket [ , ]. We therefore regard this am as boson. The Chevalley generators
{ei, fi, ti} of U ′q
(
ŝl2
)
are given by the identification
t0 = γK
−1, t1 = K, e1 = x
+
0 , f1 = x
−
0 , e0t1 = x
−
1 , t
−1
1 f0 = x
+
−1. (2.2)
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The coproduct of the Drinfeld generators is known partially5): for k ≥ 0 and l > 0 we have
∆(x+k ) = x
+
k ⊗ γ
k + γ2kK ⊗ x+k +
k−1∑
i=0
γ(k+3i)/2ψk−i ⊗ γ
k−ix+i mod N− ⊗N
2
+,
∆(x+−l) = x
+
−l ⊗ γ
−l +K−1 ⊗ x+−l +
l−1∑
i=1
γ(l−i)/2ϕ−l+i ⊗ γ
−l+ix+−i mod N− ⊗N
2
+,
∆(al) = al ⊗ γ
l/2 + γ3l/2 ⊗ al mod N− ⊗N+,
∆(a−l) = a−l ⊗ γ
−3l/2 + γ−l/2 ⊗ a−l mod N− ⊗N+.
(2.3)
Here N± and N
2
± are left F [γ
±, ψr, ϕs|r,−s ∈ Z≥0]-modules generated by {x±m|m ∈ Z}
and {x±mx
±
n |m,n ∈ Z} respectively. It gives sufficient information for our calculation.
Making use of the coproduct and the antipode, we can define canonically the ten-
sor product and the dual representations of Uq
(
ŝl2
)
: (i) given representations (πV , V ),
(πW ,W ), the tensor product representation (πV⊗W , V ⊗ W ) is defined to be πV⊗W =
(πV ⊗ πW ) ◦ ∆; (ii) given a representation (π, V ), the dual representation (π∗a
±1
, V ∗) is
defined to be π∗a
±1
= tπ ◦ a±1. We also denote them V ∗a
±1
as modules over Uq
(
ŝl2
)
with
the action given by π∗a
±1
. Note that they are left Uq
(
ŝl2
)
-modules.
Set V (k) = Fu0 ⊕ Fu1 ⊕ · · · ⊕ Fuk and V
(k)
z = V (k) ⊗ F [z, z−1]. Then, equations
π(t1)uj = q
k−2juj , π(e1)uj = [j]uj−1, π(f1)uj = [k − j]uj+1,
π(t0) = π(t1)
−1, π(e0) = π(f1), π(f0) = π(e1)
or
π(γ)uj = uj , π(K)uj = q
k−2juj , π(am)uj = a
j
muj ,
π(x+m)uj = q
m(k−2j)[j]uj−1, π(x
−
m)uj = q
m(k−2j)[k − j]uj+1,
where
ajm = −
[2m][jm]
m[m]
qm(k−j+1) +
[km]
m
,
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define a (k + 1)-dimensional (spin-k/2) representation (π, V (k)) of U ′q
(
ŝl2
)
. Equations
πz(x) = π(x)⊗ id for x = e1, f1, t1, t0,
πz(e0) = π(f1)⊗ z, πz(f0) = π(e1)⊗ z
−1,
πz(q
d)(uj ⊗ z
n) = qnuj ⊗ z
n
define a representation (πz, V
(k)
z ) of Uq
(
ŝl2
)
. In terms of the Drinfeld generators, the
action of U ′q
(
ŝl2
)
on V
(k)
z is written as
πz(γ) = π(γ)⊗ id, πz(K) = π(K)⊗ id, πz(am) = π(am)⊗ z
m,
πz(x
+
m) = π(x
+
m)⊗ z
m, πz(x
−
m) = π(x
−
m)⊗ z
m.
§3. Level 2 irreducible highest weight representations of Uq
(
ŝl2
)
and vertex operators
Set P+ = Z≥0Λ0 ⊗ Z≥0Λ1. For λ ∈ P+, a Uq
(
ŝl2
)
-module V (λ) is called an irreducible
highest weight module with highest weight λ if the following conditions are satisfied: there
is a vector |λ〉 ∈ V (λ), called the highest weight vector, and qh|λ〉 = q〈λ,h〉|λ〉 (h ∈ P ∗),
ei|λ〉 = 0, f
〈λ,hi〉+1
i |λ〉 = 0 (i = 0, 1), and V (λ) = Uq
(
ŝl2
)
|λ〉. We say that V (λ)
has level k if 〈λ, c〉 = k(∈ Z≥0). The V (λ) has a weight-space decomposition V (λ) =⊕
ξ∈P V (λ)ξ. We sometimes write a weight of a weight vector v as wt (v).
To construct the level 2 irreducible highest weight modules, we may need to introduce
some fermions, since we know that we really have to introduce fermions to construct the
corresponding level 2 modules over an affine Lie algebra ŝl2 (see, for instance, ref.6).
Incidentally, there exists a work by Bernard7) on level 1 representations of Uq(B
(1)
r ). It is
helpful to us since o3 ≃ sl2 and B
(1)
r ≃ ô2r+1. So, let us construct our modules refering to
these references as a guide.
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Let P = Zα2 , Q = Zα be the weight/root lattice of sl2, and let F [P ], F [Q] be their
group algebras ( Do not confuse this P with P = ZΛ0 + ZΛ1 + Zδ, and this Q with the
field of rational numbers). The basis elements of F [P ] are written multiplicatively as enα
(n ∈ 1
2
Z). Let Fa = F [a−1, a−2, · · ·] be the boson Fock space.
In contrast to the level 1 case, we need furthermore two species of fermions to construct
the boson vacuum space in V (λ). Define
φNS(z) =
∑
n∈Z+ 12
φnz
−n, φR(z) =
∑
n∈Z
φnz
−n
by the anticommutation relations
[
φm, φn
]
+
= δm+n,0
q2m + q−2m
q + q−1
.
We call {φn|n ∈ Z +
1
2} NS fermions (after Neveu-Schwarz), and {φn|n ∈ Z} R fermions
(after Ramond). Let Fφ
NS
= F [φ−1/2, φ−3/2, · · ·] and F
φR = Fψ⊗C2 = F [ψ−1, ψ−2, · · ·]⊗
C2 be the fermion Fock spaces. Here we have set for R fermion φn = ψn ⊗
(
1 0
0 −1
)
for n 6= 0 and φ0 = ψ0 ⊗
(
0 1
1 0
)
, where ψn (n 6= 0) satisfy the same anti-commutation
relations as φn and ψ0 = 1/(q+ q
−1)1/2 is an ordinary number (i.e., ψ0 commutes with all
ψn, n 6= 0), because the total Fock space of R fermion {φn} decomposes into two mutually
isomorphic sectors.
Now we can define the action of U ′q
(
ŝl2
)
on spaces W = Fa⊗Fφ
i
⊗F [P ] (i = NS,R).
The latter two components form the boson vacuum space. The bosons {am} act on the
first component of W as
am(f ⊗ g ⊗ e
β) = amf ⊗ g ⊗ e
β for m < 0,
am(f ⊗ g ⊗ e
β) = [am, f ]⊗ g ⊗ e
β for m > 0.
Define operators eβ and ∂α, β ∈ Cα, by
eβ1(f ⊗ g ⊗ eβ2) = f ⊗ g ⊗ eβ1+β2 ,
∂α(f ⊗ g ⊗ e
β) = (α, β)f ⊗ g ⊗ eβ .
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The fermions {φm} act on W as
φm(f ⊗ g ⊗ e
β) = f ⊗ (φmg)⊗ e
β
with φm(f ⊗ 1⊗ eβ) = 0 for m > 0. We let also K = 1⊗ 1⊗ q∂α and
γ = q2 ⊗ 1⊗ 1.
(Note that the element c ∈ P ∗ act as scalar 2 on the level 2 module and that the γ is
regarded as qc.) Then, from the Drinferd’s relations (2.1), forms of generating functions
(often called the currents) x±(z) =
∑
n∈Z x
±
n z
−n acting on W are determined as
x+(z) = η exp
( ∞∑
m=1
a−m
[2m]
q−mzm
)
exp
(
−
∞∑
m=1
am
[2m]
q−mz−m
)
φ(z)eαz
1
2+
1
2∂α ,
x−(z) = η exp
(
−
∞∑
m=1
a−m
[2m]
qmzm
)
exp
( ∞∑
m=1
am
[2m]
qmz−m
)
φ(z)e−αz
1
2−
1
2∂α ,
where η = (q + q−1)1/2 (Our definition of currents is differnt from the one in ref.2). With
these actions we can obtain the irreducible modules. Let Feven/odd be subspaces of the Fock
space F consisting of even/odd particle states. Then the followings are U ′q
(
ŝl2
)
-modules:
V (2Λ0) ≃
(
Fa ⊗ Fφ
NS
even ⊗ F [2Q]
)
⊕
(
Fa ⊗ Fφ
NS
odd ⊗ e
αF [2Q]
)
,
V (2Λ1) ≃
(
Fa ⊗ Fφ
NS
even ⊗ e
αF [2Q]
)
⊕
(
Fa ⊗ Fφ
NS
odd ⊗ F [2Q]
)
,
V (Λ0 +Λ1)
≃
(
Fa ⊗ Fψeven ⊗
(
1
1
)
⊗ e
α
2 F [Q]
)
⊕
(
Fa ⊗ Fψodd ⊗
(
1
−1
)
⊗ e
α
2 F [Q]
)
or
≃
(
Fa ⊗ Fψodd ⊗
(
1
1
)
⊗ e
α
2 F [Q]
)
⊕
(
Fa ⊗ Fψeven ⊗
(
1
−1
)
⊗ e
α
2 F [Q]
)
.
The highest weight vectors are 1 ⊗ 1 ⊗ 1 for V (2Λ0), 1 ⊗ 1 ⊗ eα for V (2Λ1), and 1 ⊗(
1 ⊗
(
1
1
))
⊗ e
α
2 or 1 ⊗
(
1 ⊗
(
1
−1
))
⊗ e
α
2 for V (Λ0 + Λ1) according to the two realizations,
respectively.
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We can define the grading operator d of Uq
(
ŝl2
)
by
d(an1−m1 · · ·a
nr
−mr
⊗ φ−k1 · · ·φ−ksv ⊗ e
β)
=
(
−
r∑
j=1
mjnj −
s∑
j=1
kj −
(β, β)
4
+
(λ, λ)
4
)
(an1−m1 · · ·a
nr
−mr
⊗ φ−k1 · · ·φ−ksv ⊗ e
β)
=
(
−
∞∑
m=1
mNam −
∑
k>0
kNφk −
1
8
∂2α +
(λ, λ)
4
)
(an1−m1 · · ·a
nr
−mr ⊗ φ−k1 · · ·φ−ksv ⊗ e
β)
on V (λ), where the boson and the fermion number operators are defined by (for m > 0)
Nam =
1
[am, a−m]
a−mam =
m
[2m]2
a−mam,
Nφm =
1
[φm, φ−m]+
φ−mφm =
q + q−1
q2m + q−2m
φ−mφm.
With this definition of the action of d, the V (λ) become irreducible highest weight Uq
(
ŝl2
)
-
modules.
We checked the validity of the expressions for currents x±(z) for ‘higher’ 26 weight
vectors (i.e., vectors fir · · · fi1 |λ〉 with r small, |λ〉 the highest weight vector) of V (2Λi),
i = 0, 1, and 35 weight vectors of V (Λ0 + Λ1); we checked the defining relations for the
Chevalley generators on these vectors.
At this point, let us define the normal-ordered product of two fermion fields. We want
to define it by
N [φmφn] = φmφn for m,n ≥ 0 or m,n ≤ 0;
N [φmφ−n] = −φ−nφm for m,n > 0;
N [φ−mφn] = φ−mφn for m,n > 0.
For the fermion fields φ(z), we set N [φ(z)φ(w)] =
∑∑
N [φmφn]z−mw−n. This definition
yields N [φ(z)φ(z)] = 0 for NS fermion; but for R fermion N [φ(z)φ(z)] = (φ0)2. So we
re-define the normal order product of the fermion fields as
: φ(z)φ(w) := N [φ(z)φ(w)]− ε(φ0)
2,
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ε =
{
0 for NS
1 for R.
The propagator has the following form:
〈φ(w1)φ(w2)〉
def
= φ(w1)φ(w2)− : φ(w1)φ(w2) :
=
σ(w2/w1)(1− w2/w1)
(1− q2w2/w1)(1− q−2w2/w1)
,
σ(w2/w1) =
{
(w2/w1)
1/2 for NS
1
q+q−1
(1 + w2/w1) for R.
It is defined in a region |q2w2/w1|, |q−2w2/w1| < 1. We note a relation
〈φ(w1)φ(w2)〉
w1(1− w2/w1)
−
〈φ(w2)φ(w1)〉
w2(1− w1/w2)
=
δ(q2w2/w1)
q−1(q2 − q−2)w1
−
δ(q−2w2/w1)
q(q2 − q−2)w1
.
Now let us find expressions for vertex operators acting on them. They are the q-
deformation of the vertex operators of Tsuchiya-Kanie type8), and are first introduced
by Frenkel-Reshetikhin9). We write level k highest weights as λm = (k − m)Λ0 + mΛ1,
m = 0, 1, . . . , k. For two level k highest weight modules V (λm), V (λk−m) and the (k+1)-
dimensional representation V , consider a map
Φ
λk−mV
λm
(z) : V (λm) −→ V (λk−m)⊗ Vz
acting as an intertwiner
∆(x) ◦ Φ(z) = Φ(z) ◦ x for x ∈ Uq
(
ŝl2
)
. (3.1)
This is a vertex operator. Precisely speaking, it is defined as an intertwiner Φ(z) :
V (λm) −→ V (λk−m)⊗̂Vz where M⊗̂N =
⊕
ξ
∏
ν Mν ⊗ Nξ−ν . It exists uniquely up to
normalization for each m = 0, 1, . . . , k (The existence is proven in ref.10 for more general
setting). We normalize it as
Φ˜
λk−mV
λm
(z)
(
|λm〉
)
= |λk−m〉 ⊗ uk−m + · · · . (3.2)
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Here and in the following, we will use the notation Φ˜ for normalized vertex operators
(such as (3.2)), and Φ for the others (unnormalized ones). Note that for level k we have
(k + 1) vertex operators (for m = 0, 1, . . . , k) of this type.
Let us determine the explicit form of Φ(z) which satisfies the intertwining relations
(3.1). We set
Φ(z) =
k∑
j=0
Φj(z) ⊗ uj
and call Φj(z) the j-th component of Φ(z).
From the intertwining relation with f1, we get relations among Φj such as
Φ0(z)f1 = q
−kf1Φ0(z),
Φj(z)f1 = q
2j−kf1Φj(z) + [k − j + 1]Φj−1(z), j = 1, . . . , k.
(3.3)
The second equations yield
Φj−1(z) =
1
[k − j + 1]
(
Φj(z)f1 − q
2j−kf1Φj(z)
)
=
1
[k − j + 1]
∮
w=0
dw
2πi
1
w
(
Φj(z)x
−(w)− q2j−kx−(w)Φj(z)
)
for j = 1, . . . , k, since f1 = x
−
0 =
∮
w=0
dw
2πi(x
−(w)/w). The contour around w = 0 is chosen
such that the integrand is convergent wherein.
In order to find an expression of Φk(z), we use (3.1) for x = am, x
+
n and K (the
coproduct of these generators are given in eq.(2.3)). The result is
amΦk(z)− Φk(z)am = q
( 3k2 +2)m
[km]
m
zmΦk(z) for m > 0, (3.4a)
a−mΦk(z)− Φk(z)a−m = q
−( k2+2)m
[km]
m
z−mΦk(z) for m > 0, (3.4b)
Φk(z)x
+(w)− x+(w)Φk(z) = 0, (3.4c)
KΦk(z)K
−1 = qkΦk(z). (3.4d)
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There is another equation
k+1∑
l=0
(−1)l
[
k + 1
l
]
f l1Φk(z)f
k+1−l
1 = 0
obtained from (3.3), which, however, we shall not use.
From these relations, we propose the following explicit forms of vertex operators.
Proposition 1. An operator acting on the space Fa ⊗Fφ ⊗ F [P ] with components
Φ2(z) = exp
( ∞∑
m=1
a−m
[2m]
q5mzm
)
exp
(
−
∞∑
m=1
am
[2m]
q−3mz−m
)
eα(−q4z)
1
2∂α ,
Φ1(z) =
∮
w1=0
dw1
2πi
1
w1
(
Φ2(z)x
−(w1)− q
2x−(w1)Φ2(z)
)
= −
1− q4
q4z
∮
w1=0
dw1
2πi
1
w1(1− q−2w1/z)(1− q6z/w1)
: Φ2(z)x
−(w1) :,
Φ0(z) =
1
[2]
∮
w2=0
dw2
2πi
1
w2
(
Φ1(z)x
−(w2)− x
−(w2)Φ1(z)
)
=
∮
w2=0
dw2
2πi
∮
w1=0
dw1
2πi
{
1
[2]
(1− q4
q4z
)2 (1− q4z/w1)
(1− q−2w1/z)(1− q6z/w1)w2(1− q−2w2/z)(1− q6z/w2)
× : Φ2(z)x
−(w1)x
−(w2) :
+
1
[2]
1− q4
(q4z)2
(1− q2w2/w1)〈φ(w1)φ(w2)〉
(1− q−2w1/z)(1− q6z/w1)w2(1− q−2w2/z)
× : Φ2(z)x̂−(w1)x̂−(w2) :
+
1
[2]
1− q4
q4z
(1− q2w1/w2)〈φ(w2)φ(w1)〉
w1(1− q−2w1/z)(1− q6z/w1)w2(1− q6z/w2)
× : Φ2(z)x̂−(w1)x̂−(w2) :
}
=
∮
w2=0
dw2
2πi
∮
w1=0
dw1
2πi
{
1
[2]
1− q4
q8z3
·
1
w1
z
w2
z
(1− q−2 w1
z
)(1− q−2 w2
z
)(1− q6 z
w1
)(1− q6 z
w2
)
×
[
(1− q4)
w1
z
(1− q4
z
w1
) : Φ2(z)x
−(w1)x
−(w2) :
+
[w1
z
(1− q6
z
w2
)(1− q2
w2
w1
)〈φ(w1)φ(w2)〉
+ q4(1− q−2
w2
z
)(1− q2
w1
w2
)〈φ(w2)φ(w1)〉
]
: Φ2(z)x̂−(w1)x̂−(w2) :
]}
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satisfies the relations (3.1), where : : denotes the normal ordering with respect to boson,
fermion and lattice operators †, and the hat ”̂” denotes fermion contraction
x̂−(w) = η exp
(
−
∞∑
m=1
a−m
[2m]
qmwm
)
exp
( ∞∑
m=1
am
[2m]
qmw−m
)
e−αw
1
2−
1
2∂α .
The normalized vertex operators (3.2) are given by
Φ˜
λ2−mV
λm
(z) = (−q4z)m/2Φ(z), m = 0, 2;
Φ˜λ1Vλ1 (z) = ǫ(−q
4z)1/2Φ(z) (3.5)
where the vertex operator Φ˜λ1Vλ1 (z) acts on the realization of V (λ1) = V (Λ0 + Λ1) with
highest weight vector pǫ ⊗ e
α
2 , where pǫ =
(
1
ǫ
)
, ǫ = ±1.
Proof. First of all, we note that we have made everything in the normal order in the
above equations (cf. Appendix C). The proposed vertex operators satisfy all the equations
(3.4a–d). In order to confirm that Φ thus obtained are correct ones, we must check the
intertwining relations (3.1) at least for the Chevalley generators (2.2). We checked the
intertwining relations partially, but not all. So we compared matrix elements of Φ2 to
† For bosons
: ama−n : = a−nam + δmncm (m,n > 0);
: a−man : = a−man; (m,n > 0; already normal-ordered);
: aman : = aman = anam (m,n > 0 or m,n < 0).
For lattice
: z∂αeβ : = z(α,β)eβz∂α (β = xα);
: eβz∂α : = eβz∂α (already normal-ordered).
the correct ones, which are known for ‘higher’ weight vectors (i.e., vectors fir · · · fi1 |λ〉
with r small, |λ〉 the highest weight vector) and obtained using the global crystal base of
Kashiwara11). Actually we checked ‘higher’ 26 × 17 matrix elements (including many 0
elements) for Φ˜
2Λ1−iV
2Λi
(i = 0, 1) and ‘higher’ 35 × 15 matrix elements for Φ˜Λ0+Λ1VΛ0+Λ1 . We
found that they are correct. Thus, though the proposition is not completely proven we
think that it must be correct certainly.
The inverse vertex operator
Φ˜λmλk−mV (z) : V (λk−m)⊗ Vz −→ V (λm)
which is an intertwiner and normalized as
Φ˜λmλk−mV (z)
(
|λk−m〉 ⊗ uk−m
)
= |λm〉+ · · · (3.6)
can be obtained from the previous one as follows. First let us identify a vertex operator
V (µ)⊗ Vz → V (λ) with V (µ)→ V (λ)⊗ V ∗az
ΦλµV,j(z) = Φ˜
λV ∗a
µ,j (z), j = 0, 1, . . . , k,
where we write
Φ˜λV
∗a
µ (z) =
k∑
j=0
Φ˜λV
∗a
µ,j (z) ⊗ u
∗
j ,
ΦλµV,j(z)(v) = Φ
λ
µV (z)(v ⊗ uj).
Second, we must note an isomorphism between left Uq
(
ŝl2
)
-modules (the charge conjuga-
tion)
Vzq−2
∼
−→ V ∗az
uj 7−→ cju
∗
k−j ,
j = 0, 1, . . . , k, where dimV = k + 1 and
cj = (−1)
jqj
2+(1−k)j 1[
k
j
]
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(for level 2, c0 = 1, c1 = −1/[2], c2 = q
2). This gives
Φ˜λV
∗a
µ,j (z) = ck−jΦ˜
λV
µ,k−j(zq
−2).
These two equations determine the (unnormalized) vertex operators. The normalized
vertex operators are
Φ˜λmλk−mV,j(z) =
ck−j
cm
Φ˜λmVλk−m,k−j(zq
−2), m = 0, 1, . . . , k. (3.7)
We said that the Φ˜λmλk−mV (z) is the inverse of Φ˜
λk−mV
λm
(z), since the following relations
hold:
Φ˜λmλk−mV (z) ◦ Φ˜
λk−mV
λm
(z) = gλm × idV (λm),
Φ˜
λk−mV
λm
(z) ◦ Φ˜λmλk−mV (z) = gλm × idV (λk−m)⊗V ,
where
gλm = q
(k−m)m
[
k
m
]
(q2(k+1); q4)∞
(q2; q4)∞
,
(x; p)m =
m∏
j=1
(1− xpj−1), (x; p)∞ =
∞∏
j=1
(1− xpj−1).
For level 2 it is
gλm =
{
1
1−q2 for m = 0, 2
1+q2
1−q2 for m = 1.
For general k, they are proved in ref.3 using a solution to the q-KZ equation. In the
present case (k = 2), since we have explicit expressions for the vertex operators, they can
be proved by direct calculation (Since the intertwining relations hold, it is sufficient to
prove the relations on the highest weight vector).
15
§4. Integral representations of spin correlation functions
First we describe a general formulation for general k quickly (cf. refs.1,3). The spin k/2
Hamiltonian is defined as (cf. Appendix A)
H =
∑
l∈Z
hl+1,l,
hl+1,l = · · ·⊗
l+2
1 ⊗
l+1 l
h ⊗
l−1
1 ⊗ · · · ,
h = (−1)k(qk − q−k)
[
d
dz
Rˇ(z, 1)
]
z=1
(4.1)
where
Rˇ(z1/z2) : V
(k)
z1
⊗ V (k)z2 −→ V
(k)
z2
⊗ V (k)z1
is the R-matrix which intertwins two Uq
(
ŝl2
)
-modules. The Hamiltonian formally acts on
an infinite tensor product
V ⊗∞ = · · ·⊗
2
V ⊗
1
V ⊗
0
V ⊗
−1
V ⊗ · · ·
of the (k + 1)-dimensional space V = V (k), and has a symmetry
[HXXZ , U
′
q
(
ŝl2
)
] = 0.
In the following we assume −1 < q < 0, and then ∆ < −1 (∆ = (q + q−1)/2). The
basic idea in refs.1,3 is an identification of the space of states with some fixed boundary
condition, which is a subspace of V ⊗∞, with a level-zero Uq
(
ŝl2
)
-module V (λ)⊗ V (µ)∗a.
This space is embedded into the infinite product space via vertex operators
V (λ)⊗ V (µ)∗a →֒ V ⊗∞.
Specializing the level k highest weight λ and the level −k lowest weight µ corresponds to
fixing a boundary condition. This boundary condition depends on the parameter q. In the
16
limit q → 0 (which is an Ising limit; cf. Appendix A) it is explicitly described as follows:
any vector in V (λm) ⊗ V (λm′)∗a tends to a pure tensor of the form · · · ⊗ up(2) ⊗ up(1) ⊗
up(0) ⊗ up(−1) ⊗ · · · (when embedded into V
⊗∞) with a boundary condition
p(l) =
{
m if l ≡ 0 mod 2
k −m if l ≡ 1 mod 2
}
for l≫ 1,
=
{
m′ if l ≡ 0 mod 2
k −m′ if l ≡ 1 mod 2
}
for − 1≫ l.
Below we consider the cases m′ = m only. The vacuum vector in V (λ) ⊗ V (λ)∗a is
v¯ =
∑
i vi⊗ v
∗
i (= |vac〉) where {vi} is a base of V (λ) and {v
∗
i } its dual base. This v¯ forms
a one-dimensional submodule. The subject of the present paper is to calculate the vacuum
expectation value of an arbitrary local operator. A local operator L is a linear operator
acting on a finite tensor product of V :
L ∈ End(V ⊗ · · · ⊗ V︸ ︷︷ ︸
n
)
where V ⊗ · · · ⊗ V is understood as nth to 1st components in V ⊗∞. This acts on V (λ)⊗
V (λ)∗a via the vertex operators. The vacuum expectation value of L, or the correlation
function, is derived, in the same manner as in ref.2 for spin 1/2, as
〈L〉(λ)zn,...,z1 =
〈vac|̺
(λ)
zn,...,z1(L)⊗ idV (µ)∗a |vac〉
〈vac|vac〉
=
trV (λ)(q
−2ρ̺
(λ)
zn,...,z1(L))
trV (λ)(q−2ρ)
(4.2)
where ρ = Λ0 + Λ1 and
̺(λ)zn,...,z1(L) = (Φ
(n)
λ (zn, . . . , z1)
−1 ◦ (idV (λ(n)) ⊗ L) ◦ Φ
(n)
λ (zn, . . . , z1)),
Φ
(n)
λ (zn, . . . , z1)
=(Φ˜λ
(n)V
λ(n−1)(zn)⊗ idV⊗···⊗V︸ ︷︷ ︸
n−1
) ◦ · · · ◦ (Φ˜λ
(2)V
λ(1) (z2)⊗ idV ) ◦ Φ˜
λ(1)V
λ (z1),
Φ
(n)
λ (zn, . . . , z1)
−1
=Φ˜λλ(1)V (z1) ◦ (Φ˜
λ(1)
λ(2)V (z2)⊗ idV ) ◦ · · · ◦ (Φ˜
λ(n−1)
λ(n)V (zn)⊗ idV⊗···⊗V︸ ︷︷ ︸
n−1
)/(gλgλ(1) · · · gλ(n−1)).
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Let us set
P jn,...,j1in,...,i1 (zn, . . . , z1|λ) = 〈Einjn ⊗ · · · ⊗Ei1j1〉
(λ)
zn,...,z1
where Eij · uj′ = δjj′ui.
In the following we concentrate on calculations of one-point functions
P ji (z|λ) =
1
gλ
trV (λ)
(
q−2ρΦ˜λµV,i(z)Φ˜
µV
λ,j (z)
)
trV (λ)
(
q−2ρ
) ,
λ = (k −m)Λ0 +mΛ1, µ = mΛ0 + (k −m)Λ1, 0 ≤ m ≤ k
for level k = 2 (spin 1). Note that ρ = 2d+ 1
2
∂α in the present representations.
The specialized characters Z(λ) = trV (λ)
(
q−2ρ
)
, λ = 2Λ0, 2Λ1,Λ0+Λ1, which appeared
as denominators, are calculated straightforwardly. The result is
Z(2Λi) = q−(2Λi,2Λi) · (−q2; q2)∞(−q
4; q4)∞, (4.3)
Z(Λ0+Λ1) = q−1 · (−q2; q2)∞(−q
2; q4)∞. (4.4)
Numerators of spin one-point functions are expressed by vertex-operator two-point
functions
F
(λ)
jk (z1/z2) = trV (λ)
(
q−2ρΦ˜λVσ(λ),j(z1)Φ˜
σ(λ)V
λ,k (z2)
)
.
Let us first calculate these functions. In ref.2, they introduced some auxiliary boson to
simplify computations of traces slightly. It is, however, not necessary to do so. We perform
direct calculations of traces. Write
d = d¯a + d¯φ −
1
8
∂2α +
(λ, λ)
4
on V (λ) where
d¯a = −
∞∑
m=1
mNam, d¯
φ = −
∑
m= 12 ,
3
2 ,...
mNφm;
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V<(z1, z2, w1, w2) = exp
(
−
∞∑
m=1
a−m
qm
[2m]
ξm(z1, z2, w1, w2)
)
,
V>(z1, z2, w1, w2) = exp
( ∞∑
m=1
am
qm
[2m]
ξ−m(z1, z2, w1, w2)
)
,
ξm(z1, z2, w1, w2) = w
m
1 + w
m
2 − q
4mzm1 − q
4mzm2 .
When calculating traces directly, we use the following formulas: a trace on the boson Fock
space
trFa
(
q−4d¯
a
V<(z1, z2, w1, w2)V>(z1, z2, w1, w2)
)
=
(q6)4∞
(q4)∞
(q6
z1
z2
)∞(q
6 z2
z1
)∞ ·
(q6 w1w2 )∞(q
6 w2
w1
)∞∏
i,j=1,2{(q
2wi
zj
)∞(q10
zj
wi
)∞}
where (·)∞ = (·; q4)∞ (see Appendix C for the normal ordering of boson exponentials); a
trace on the total NS fermion Fock space
trFφ
(
ξ−2d¯
φ
: φ(w1)φ(w2) :
)
=
(−ξ; ξ2)∞
q + q−1
·
(w1
w2
)1/2[+∞∑
N=0
(w1
w2
)N q2N+1 + q−2N−1
1 + ξ−2N−1
−
−1∑
N=−∞
(w1
w2
)N q2N+1 + q−2N−1
1 + ξ2N+1
]
=
(−ξ; ξ2)∞
q + q−1
·
(w1
w2
)1/2 ∑
N∈Z
fN (ξ) ·
(w1
w2
)N
where
fN (ξ) =
q2N+1 + q−2N−1
1 + ξ−2N−1
for N ≥ 0,
= −
q2N+1 + q−2N−1
1 + ξ2N+1
for N < 0;
a trace on any one of the two sectors of the Ramond fermion Fock space
tr
(
ξ−2d¯
φ
: φ(w1)φ(w2) :
)
=
(−q4; q4)∞
q + q−1
·
[
q2 w1w2
1− q2 w1w2
−
q2w2w1
1− q2 w2w1
]
;
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and a trace on the total root lattice
trF [Q]
(
ξ
1
4∂
2
αq−∂αy
1
2∂α
)
=
∑
n∈Z
ξn
2
(q−2y)n = Θ1(q
−1y
1
2 |ξ)
where y = q
8z1z2
w1w2
.
For a technical reason, when we treat with NS fermions, we introduce a parameter ξ
and calculate
F
(λ)
jk (z1, z2|ξ) = trV (λ)
(
q−2ρ
′
ξ−2d¯
φ+ 14∂
2
αΦ˜λVσ(λ),j(z1)Φ˜
σ(λ)V
λ,k (z2)
)
where ρ′ = 2d′ + 1
2
∂α and d
′ = d¯a + (λ,λ)
4
. Setting ξ = q2 yields the desired function:
F
(λ)
jk (z1, z2|q
2) = F
(λ)
jk (z1, z2). Define a symmetrization/antisymmetrization operation with
respect to the parameter ξ by
fS(ξ) =
1
2
(f(ξ) + f(−ξ)),
fA(ξ) =
1
2
(f(ξ)− f(−ξ))
for an arbitrary function of ξ. We sometimes denote σ0 = S, σ1 = A.
The results are listed below:
F
(2Λi)
jk (z|ξ) = q
−4(2−k) · (q−2z−1)i · b(z) ·
∮
w1=0
dw1
2πi
∮
w2=0
dw2
2πi
{
(w1w2)
− k2 ·Ak(w1, w2, z)
[
N(w1, w2, z|ξ)
]σi}
,
(4.5a)
F
(Λ0+Λ1)
jk (z) = −q
4(k−1)z
k
2 · b(z) ·
∮
w1=0
dw1
2πi
∮
w2=0
dw2
2πi
{
(w1w2)
−1− k2 ·Ak(w1, w2, z)
× (1− q2)2(−q4; q4)∞Π
′(z−
k
2w1, z
− k2w2)Θ1((
q8z
w1w2
)
1
2 |q2)
}
(4.6a)
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for (j, k) = (2, 0), (0, 2);
F
(2Λi)
11 (z|ξ) = −q
−4 · (q−2z−1)i · b(z) ·
∮
w1=0
dw1
2πi
∮
w2=0
dw2
2πi
{
1
w1
B(w1, w2, z)
[
M(w1, w2, z|ξ)
]σi}
,
(4.5b)
F
(Λ0+Λ1)
11 (z) =q
−1(1− q4)2(−q4; q4)∞b(z)
×
∮
w2=0
dw2
2πi
{
1
w1
B(q−2w2, w2, z)Θ1((
q10z
w22
)
1
2 |q2)
}
.
(4.6b)
Here are notations:
A0(w1, w2, z) =
(q6 w1w2 )∞(q
6 w2
w1
)∞
(q−2w1)∞(q−2w2)∞(q−2z−1w1)∞(q−2z−1w2)∞
×
1
(q6w−11 )∞(q
6w−12 )∞(q
10zw−11 )∞(q
10zw−12 )∞
,
(4.7a)
A2(w1, w2, z) =
(q6w1w2 )∞(q
6w2
w1
)∞
(q2w1)∞(q2w2)∞(q−2z−1w1)∞(q−2z−1w2)∞
×
1
(q6w−11 )∞(q
6w−12 )∞(q
6zw−11 )∞(q
6zw−12 )∞
,
(4.7b)
B(w1, w2, z) =
(q6w1w2 )∞(q
6 w2
w1
)∞
(q2w1)∞(q−2w2)∞(q−2z−1w1)∞(q−2z−1w2)∞
×
1
(q6w−11 )∞(q
6w−12 )∞(q
6zw−11 )∞(q
6zw−12 )∞
;
(4.7c)
N(w1, w2, z|ξ) = (1− q
2)(−ξ; ξ2)∞Π(
w1
w2
|ξ)Θ1((
q6z
w1w2
)1/2|ξ),
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M(w1, w2, z|ξ) = (1− q
4)(−ξ; ξ2)∞̟(
w1
w2
|ξ)Θ1((
q6z
w1w2
)1/2|ξ);
Π(w|ξ) = 1− q · f0(ξ)
+
+∞∑
m=1
(
wm + w−m
)1
2
[
(1− q2)q−2m + q
(
fm−1(ξ)− fm(ξ)
)]
,
̟(w|ξ) = (w − q2)
∑
n∈Z
fn(ξ)w
n
+ (q + q−1)
[
1 + (1− q2)
+∞∑
n=1
q−2nwn
]
,
Π′(w1, w2) =
1
2
+∞∑
n=0
[
w1
(w1
w2
)n
+ w2
(w2
w1
)n]
· q−2n−2(1 + q4n+2);
and
b(
z1
z2
) =
(q6; q4)4∞
(q8; q4)∞
(q6
z1
z2
; q4)∞(q
2 z2
z1
; q4)∞.
We note that ̟(w|q2) = q−1(1− q4)δ(q2w).
Spin one-point functions are related to these functions. Non zero ones are
〈Ejj〉
(λm)
z = P
j
j (z|λm) =
ck−j
cm
·
1
gλmZ
(λm)
× F
(λm)
k−j,j(q
−2|q2).
where j,m = 0, 1, 2 (for k = 2). Observe that they are independent of z. From eq.(4.5)
and eq.(4.6), we have for the numerators
F
(2Λi)
jk (q
−2|ξ) = q−4(2−k) · b(q−2) ·
∮
w1=0
dw1
2πi
∮
w2=0
dw2
2πi
{
(w1w2)
− k2 ·Ak(w1, w2, q
−2)
×
[
(1− q2)(−ξ; ξ2)∞Π(
w1
w2
|ξ)Θ1((
q4
w1w2
)
1
2 |ξ)
]σi}
(4.8a)
and
F
(Λ0+Λ1)
jk (q
−2) = −q3k−4 · b(q−2) ·
∮
w1=0
dw1
2πi
∮
w2=0
dw2
2πi
{
(w1w2)
−1− k2 ·Ak(w1, w2, q
−2)
× (1− q2)(−q4; q4)∞Π
′(qkw1, q
kw2)Θ1((
q6
w1w2
)
1
2 |q2)
}
(4.9a)
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for (j, k) = (2, 0), (0, 2), and
F
(2Λi)
11 (q
−2) =−
1
2
q−5(1− q4)2(−q2; q4)∞b(q
−2) · (q4; q4)∞(q
8; q4)∞
×
∮
w2=0
dw2
2πi
{
1
w1
1[
(q−2w2; q2)∞(q6w
−1
2 ; q
2)∞
]2Θ1(q3w−12 |q2)},
(4.8b)
F
(Λ0+Λ1)
11 (q
−2) =q−1(1− q4)2(−q4; q4)∞b(q
−2) · (q4; q4)∞(q
8; q4)∞
×
∮
w2=0
dw2
2πi
{
1
w1
1[
(q−2w2; q2)∞(q6w
−1
2 ; q
2)∞
]2Θ1(q4w−12 |q2)}.
(4.9b)
We note that
A0(w1, w2, q
−2) =
(q6w1w2 ; q
4)∞(q
6w2
w1
; q4)∞∏
l=1,2{(q
−2wl; q2)∞(q6w
−1
l ; q
2)∞}
,
A2(w1, w2, q
−2) =
(q6w1w2 ; q
4)∞(q
6w2
w1
; q4)∞∏
l=1,2{(wl; q
2)∞(q4w
−1
l ; q
2)∞}
.
and that
b(q−2) =
(q6; q4)4∞
(q8; q4)∞
(q4; q4)∞(q
4; q4)∞ = (1− q
4)(q4; q4)∞(q
6; q4)4∞.
These are our final expressions for spin one-point functions.
We can prove the following relations which show ‘homogenuity’ of the spin chain.
Proposition 2. We have relations
P jj (z|2Λ0) = P
2−j
2−j (z|2Λ1), j = 0, 1, 2; P
0
0 (z|Λ0 +Λ1) = P
2
2 (z|Λ0 + Λ1).
Or equivalently, in terms of the function F they are written as
F
(2Λ0)
2−j,j (q
−2|q2) = q2j−2 · F
(2Λ1)
j,2−j (q
−2|q2), j = 0, 1, 2;
F
(Λ0+Λ1)
20 (q
−2) = q−2 · F
(Λ0+Λ1)
02 (q
−2),
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respectively.
Proof. Noticing a relation Θσi1 (q
2z|q2) = q−2z−2Θ
σ1−i
1 (z|q
2) (i = 0, 1, σ0 = S, σ1 = A),
and
A2(q
−2w1, q
−2w2, q
−2) = A0(w1, w2, q
−2),
we can prove it easily (by changing integral variables, e.g., q2wj by wj , etc.)
Here we give a list of expansions in q of our integral representations.
P 22 (2Λ0) = 1− 2q
2 + 5q6 − 2q8 − 9q10 + 3q12 + 19q14 +O(q16);
P 00 (2Λ0) = 2q
4 + q6 − 4q8 − 9q10 + 7q12 + 19q14 +O(q16);
P 11 (2Λ0) = 2q
2 − 2q4 − 6q6 + 6q8 + 18q10 − 10q12 − 38q14 +O(q16);
P 00 (Λ0 +Λ1) = 2q
2 − 4q4 + 2q6 + 6q10 − 4q12 − 6q14 +O(q16);
P 11 (Λ0 +Λ1) = 1− 4q
2 + 8q4 − 4q6 − 12q10 + 8q12 + 12q14 +O(q16).
From this list we get
〈sz〉(2Λ1) = 1− 2q2 − 2q4 + 4q6 + 2q8 − 4q12 +O(q16)
(
=
(q2; q2)2∞
(−q4; q4)∞
)
where sz = diag(1, 0,−1), which agrees with the known Bethe Ansatz result12) (see
Appendix B). We also note that the expectation value with respect to the vacuum in
V (Λ0 + Λ1)⊗ V (Λ0 + Λ1)∗a is zero, since from Proposition 2
〈sz〉(Λ0+Λ1) = P 00 (z|Λ0 +Λ1)− P
2
2 (z|Λ0 + Λ1) = 0.
This again agrees with the result in ref.12.
Finally, as was mentioned in section 3 we have not justified rigorously the correctness
of our vertex operators. The proof remains to be completed.
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Appendix A. The Hamiltonian
Let us define symmetric and anti-symmetric parts of h (defined by eq.(4.1)) by
hS =
1
2
(h+ PhP ),
hA =
1
2
(h− PhP )
where P is the permutation operator in End(V (k) ⊗ V (k)) such that P (a⊗ b) = b⊗ a.
An explicit form of the spin-1 analog of the XXZ Hamiltonian (thus, k = 2) is given
as follows. We set q = −e−λ below (0 < λ < +∞).
hS =s
1 ⊗ s1 + s2 ⊗ s2 + ch(2λ) · s3 ⊗ s3 −
( 3∑
j=1
sj ⊗ sj
)2
+ 2sh2(λ) ·
[
(s3)2 ⊗ id + id⊗ (s3)2 − (s3 ⊗ s3)2 − 2 · id⊗ id
]
+ (2 + 4e−λch2(λ)) · (s1 ⊗ s1 + s2 ⊗ s2)s3 ⊗ s3
+ (2 + eλ) · s3 ⊗ s3(s1 ⊗ s1 + s2 ⊗ s2),
hA =− sh(2λ)(s
3 ⊗ id− id⊗ s3).
We see that the anti-symmetric part has the form s3 ⊗ id− id⊗ s3. This implies that the
summation of hA over all sites vanishes. Thus we conclude that the Hamiltonian has the
form
H =
∑
l∈Z
· · ·⊗
l+2
1 ⊗
l+1 l
hS ⊗
l−1
1 ⊗ · · · .
Let us see the q → 0 limit of the Hamiltonian. In the limit q → 0− (λ → +∞)
the Hamiltonian tends to an antiferromagnetic Ising Hamiltonian with appropriate re-
normalization; thus we say that the limit q → 0 is an Ising limit. Define
hIsing = lim
λ→+∞
1
2
1
shkλ
h = − lim
q→0−
(−1)k
qk − q−k
h,
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or more directly
hIsing = − lim
q→0−
[
d
dz
Rˇ(z, 1)
]
z=1
.
Then we find hIsing · ui ⊗ uj = H(i, j)ui ⊗ uj , i, j = 0, 1, . . . , k, where H(i, j) = −j for
i + j ≤ k, = i − k for i + j ≥ k. Especially its symmetric part is hIsingS · ui ⊗ uj =
HS(i, j)ui ⊗ uj where HS(i, j) = −
1
2 (i + j) for i + j ≤ k, =
1
2 (i + j − 2k) for i + j ≥ k.
Explicit forms are as follows (for k = 2):
hIsingS =
1
2
[
s3 ⊗ s3 + (s3)2 ⊗ id + id⊗ (s3)2 − (s3 ⊗ s3)2 − 2 · id⊗ id
]
,
hIsingA =−
1
2
(s3 ⊗ id− id⊗ s3).
Appendix B. The result of Ref.12
In ref.12, an exact expression for the one-point function 〈sz〉(λm) (in vertex model language,
it is called the mean staggered polarization) is obtained form = 0, 1, . . . , k and for arbitrary
spin k/2 using the Bethe Ansatz. Their result is (we change notations slightly)
〈sz〉(λm) =
+∞∏
n=1
(1 + q(k+2)n
1− q(k+2)n
)2
·
[
m−
k
2
− 2
+∞∑
l=0
(−)l
(
f(l, k −m) − f(l,m)
)]
m = 0, 1, . . . , k, where k/2 is the spin (k is the level in the present paper) and
f(l,m) = [(k + 2)l +m+ 1] ·
q2[(k+2)l+m+1]
1− q2[(k+2)l+m+1]
.
It gives series expansions of 〈sz〉(kΛ1) in q:
k =1 : 12 − 2q
2 + 2q4 + 2q8 − 4q10 + 2q16 − 2q18 + 4q20 +O(q22);
k =2 : 1− 2q2 − 2q4 + 4q6 + 2q8 − 4q12 + 2q16 − 6q18 +O(q22);
and so on.
We found their infinite-product representations. Here we report the results.
〈sz〉(Λ1) =
1
2
〈σz〉(Λ1) =
1
2
·
(q2; q2)2∞
(−q2; q2)2∞
for k = 1;
〈sz〉(2Λ1) =
(q2; q2)2∞
(−q4; q4)∞
=
(q4; q4)2∞
(−q2; q2)2∞(−q
4; q4)∞
for k = 2.
(We checked them up to q150.)
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Appendix C. Normal ordering of exponentials of boson
We collect here formulas for the normal ordering of exponentials of boson operators. We
recall that
Φ2(z) = F<(z)F>(z)e
α(−q4z)
1
2∂α ,
x+(z) = ηE+<(z)E
+
>(z)φ(z)e
αz
1
2+
1
2∂α ,
x−(z) = ηE−<(z)E
−
>(z)φ(z)e
−αz
1
2−
1
2∂α ,
where
F<(z) = exp
( ∞∑
m=1
a−m
[2m]
q5mzm
)
, F>(z) = exp
(
−
∞∑
m=1
am
[2m]
q−3mz−m
)
,
E+<(z) = exp
( ∞∑
m=1
a−m
[2m]
q−mzm
)
, E+>(z) = exp
(
−
∞∑
m=1
am
[2m]
q−mz−m
)
,
E−<(z) = exp
(
−
∞∑
m=1
a−m
[2m]
qmzm
)
, E−>(z) = exp
( ∞∑
m=1
am
[2m]
qmz−m
)
,
η = (q + q−1)1/2, [am, a−n] = δm,n
[2m]2
m
.
We have the following:
F>(z1)F<(z2) = (1− q
2z2/z1)F<(z2)F>(z1),
F>(z1)E
−
<(z2) =
1
1− q−2z2/z1
E−<(z2)F>(z1),
E−>(z1)F<(z2) =
1
1− q6z2/z1
F<(z2)E
−
>(z1),
E−>(z1)E
−
<(z2) = (1− q
2z2/z1)E
−
<(z2)E
−
>(z1),
F>(z1)E
+
<(z2) = (1− q
−4z2/z1)E
+
<(z2)F>(z1),
E+>(z1)F<(z2) = (1− q
4z2/z1)F<(z2)E
+
>(z1),
E+>(z1)E
+
<(z2) = (1− q
−2z2/z1)E
+
<(z2)E
+
>(z1),
E+>(z1)E
−
<(z2) =
1
1− z2/z1
E−<(z2)E
+
>(z1),
E−>(z1)E
+
<(z2) =
1
1− z2/z1
E+<(z2)E
−
>(z1).
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